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Mammalian Muscle Model for Predicting Force
and Energetics During Physiological Behaviors

George A. Tsianos, Cedric Rustin, and Gerald E. Loeb, Member, IEEE

Abstract—Muscles convert metabolic energy into mechanical
work. A computational model of muscle would ideally compute
both effects efficiently for the entire range of muscle activation
and kinematic conditions (force and length). We have extended
the original Virtual Muscle algorithm (Cheng et al., 2000) to
predict energy consumption for both slow- and fast-twitch muscle
fiber types, partitioned according to the activation process ����,
cross-bridge cycling ����� and ATP/PCr recovery ���������	�.
Because the terms of these functions correspond to identifiable
physiological processes, their coefficients can be estimated directly
from the types of experiments that are usually performed and
extrapolated to dynamic conditions of natural motor behaviors.
We also implemented a new approach to lumped modeling of
the gradually recruited and frequency modulated motor units
comprising each fiber type, which greatly reduced computational
time. The emergent behavior of the model has significant impli-
cations for studies of optimal motor control and development of
rehabilitation strategies because its trends were quite different
from traditional estimates of energy (e.g., activation, force, stress,
work, etc.). The model system was scaled to represent three
different human experimental paradigms in which muscle heat
was measured during voluntary exercise; predicted and observed
energy rate agreed well both qualitatively and quantitatively.

Index Terms—Energetics, modeling, muscle, recruitment.

I. INTRODUCTION

O PTIMIZATION methods have long been used to find
unique solutions for the performance of tasks by

“over-complete” musculoskeletal systems [2]–[4]. Similarly,
optimal control theory can be used to adjust gains in feedback
systems [5]–[7]. The physiological soundness of the strategies
identified with these tools depends on defining performance
criteria that are relevant to the task and the organism. Metabolic
energy consumption is a teleologically appealing criterion
and there are empirical data supporting it for locomotion and
reaching [8], [9], but it is difficult to measure or model at the
individual muscle level. Instead, cost functions usually include
estimates of muscle recruitment, stress or work that may differ
greatly from energy consumption depending on factors such as
sarcomere velocity and fiber type.
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Some cost functions have included models of muscle ener-
getics that are more consistent with metabolic cost [10]–[12].
They are based primarily on the heat output rate and power
measurements under various conditions of stimulation that to-
gether mirror metabolic energy consumption [13]. The main
issues with these models is that they rely almost entirely on
enthalpy data, which are sparse, at least partly based on non-
mammalian species and do not reflect the true energetic cost
under many conditions. Energetic data on submaximally stimu-
lated, lengthening muscle are especially limited for mammals,
so modelers often resort to data from nonmammalian species.
There is even a discrepancy between enthalpy data presented by
Barclay et al., 1993 [14] and Barclay, 1996 [15] for shortening,
tetanically stimulated mouse muscle, as discussed by Houdijk
et al. [16]. Umberger [12] developed a model of muscle ener-
getics based on Barclay et al., 1993, which Houdijk et al. found
was internally inconsistent with mechanical work. Houdijk et al.
found that enthalpy and efficiency estimates from Hatze and
Buys’ earlier model [17] were in qualitative agreement with data
from Barclay, 1996, which we have used as part of the thermo-
dynamic basis for our model.

Models based on enthalpy experiments estimate the ener-
getics of lengthening muscle poorly. This is because during
eccentric contractions substantial mechanical energy is stored
through various mechanisms such as tendon, aponeurosis,
parallel elastic element and cross bridge compliance [18]–[21],
and perhaps also through changes in cross-bridge biochemical
state [19], [22]. The negative work done on the muscle cannot
be stored indefinitely nor can it be converted back into chemical
energy. The absorbed energy is not released until after the
lengthening phase, however, which creates a large discrepancy
between the enthalpy measured and the metabolic energy con-
sumed during activation under lengthening conditions. Many
models use this enthalpy data, assuming it is equivalent to
metabolic cost and therefore make inaccurate predictions for
the energetics.

Estimating muscle activation using classical Hill-type models
also leads to significant inaccuracies in both energetic cost and
force production. These models generally do not capture the
dependence of activation on length and fiber specific properties
such as sag and yield [23], [24]. These effects are particularly
strong at physiological firing rates, as opposed to the tetanic
frequencies at which experiments are often conducted.

Sag refers to the phenomenon in which the force produced
by an isometric muscle in response to a constant frequency
of stimulation initially rises to a peak value and then declines
slowly [24]. This is thought to occur due to calcium-mediated
increase in the rate of calcium reuptake, which reduces cal-
cium ion concentration in the sarcoplasm, hence the number
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of available binding sites. It occurs primarily in fast-twitch
muscle and presumably contributes to speed of relaxation.
Given this mechanism, the effects of sag reflect a decrease in
the number of cross-bridges and therefore should be included
in the energetics model.

Yielding is the phenomenon associated with the dependence
of the force-velocity relationship on stimulation frequency [25],
or conversely the tendency for a given isometric force to de-
crease if the active muscle is then stretched or shortened at even
moderate velocities. It occurs primarily in slow-twitch fibers
where the rate of cross-bridge reattachment appears to be a lim-
iting step [23]. Yielding is more pronounced at submaximal ac-
tivations, perhaps because the limiting factor in attachment rate
is related to the stereochemical alignment between the myosin
head and exposed cross-bridge binding sites on the helical actin.
When all binding sites are available at full activation, a cross-
bridge that detaches due to motion is more likely to reattach
rapidly and the force will be maintained. At reduced activation,
more of the available binding sites will be suboptimally ori-
ented. If slow-twitch myosin is less mobile or slower to attach
than fast-twitch myosin, then rate of reattachment might become
the limiting step in cross-bridge cycling and, hence, energy con-
sumption. The correlation of yield to muscle stiffness [26] pro-
vides further support for a mechanism related to the number of
cross-bridges formed.

The validity of models that are based on empirical data de-
pends on the accuracy and richness of the dataset used, neither of
which is really satisfactory for muscle energetics. We have used
most of the available enthalpy data from mammalian muscle
in a model whose structure is closely related to the individual
physiological processes underlying activation, force production
and energy consumption. This improves the likelihood that the
model can be interpolated and extrapolated to predict energy
consumption for conditions that have not been studied, and it
provides a straightforward mechanism to test its validity and to
improve its parameter estimation as new data become available.

II. METHODS

A. Model Design and Rationale

The energetics of muscle contraction can be separated into
an initial component that is consumed in phase with
the contraction and a recovery component that lags
the contraction slightly and lasts up to a few minutes following
its termination [27]. corresponds to the ATP consumed
at the time of the contraction and its rapid replenishment
through the creatine kinase reaction [13]. corresponds
mainly to the energy consumed by metabolic pathways for
restoring ATP and phosphocreatine (PCr) concentration in
the sarcoplasm. The energy supplied from ATP molecules
fuels two main processes during the contraction: regulating
concentration gradients of ions that excite the muscle fiber and
its contractile machinery and cycling of cross-bridges that
generate contractile force . Partitioning energetics among
these physiological processes in the model is important for
computing energy consumption for untested conditions because
it allows us to extrapolate their contributions independently

according to the specific stimulation parameters that affect
them.

1) Energy Consumption Related to Cross-Bridge Cycling:
The majority of the energy supplied by ATP is consumed due
to cross-bridge cycling and is referred to as cross-bridge energy

. For a cross-bridge to form, myosin heads must be in
a high-energy, strained configuration containing bound ADP.
Such myosin heads bind rapidly to nearby actin sites that are
exposed by calcium activation. The elastic energy stored in
the myosin head is subsequently released depending on the
external load on the cross-bridge. If the load is less than the
restoring force of the cross-bridge, then the myosin head will
move “concentrically,” reducing its contribution to contractile
force toward zero at its equilibrium position, where it has the
highest probability of detachment from the actin site. The
detachment process is coupled to recocking of the head in the
strained configuration, which requires a fresh ATP molecule to
displace the ADP. If the load is greater than the restoring force
of the attached cross-bridges, the muscle fiber will lengthen,
pulling the cross-bridges to even greater strain angles where
forces increase but then drop as the cross-bridges are forcibly
detached. This “eccentric” detachment leaves the myosin heads
in their cocked state, so they can immediately reattach to an
available binding site without consuming energy (although
the actual rate of reattachment may depend on the relative
availability of binding sites, which in turn depends on the level
of activation; see description of yielding phenomenon in the
Introduction). The amount of energy consumed by muscle
due to cross-bridge cycling therefore depends on how many
cross-bridges are attached and the rate at which they are cycling
concentrically, as opposed to the amount of force that they
are generating. The number of cross-bridges formed depends
primarily on firing rate, myofilament overlap, and the effects of
sag and yield (see Introduction). Cycling rate depends mainly
on the velocity of contraction as measured at the muscle fiber,
but it does not fall to zero for so-called isometric contractions.
This could arise from substantial “squirming motion” of the
myofilaments due to their compliance, the pulsatile excitation
of muscle fibers, the stochastic distribution of cross-bridges at
any instant, and/or thermal vibration of all of the molecular
structures.

2) Energy Consumption Related to Excitation: The energy
associated with ionic excitation is typically referred to as
activation energy and is related to the number of ATP
molecules consumed by membrane-bound pumps for sodium,
potassium and calcium ions. When an excitatory impulse from
a motoneuron is transmitted through the neuromuscular junc-
tion and spreads along the muscle fiber and into the transverse
tubules, it depends on sodium and potassium ions leaking
across the cell membrane down electrochemical gradients.
These electrochemical gradients must then be maintained
through the Na -K pump at the expense of ATP to allow
transmission of subsequent impulses. Action potentials at the
points of contact between the transverse tubules and cisternae
of the sarcoplasmic reticulum (SR) lead to release of calcium
ions from the cisternae down their concentration gradient
into the sarcoplasm, where they bind to troponin and induce
a conformation change along the thin filament that exposes
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binding sites for cross-bridges. To regulate calcium flux within
the sarcoplasm and restore the calcium concentration gradient,
additional ATP is expended to pump calcium back into the SR,
allowing the muscle to relax and restoring calcium to the cis-
ternae. The component of that is related to action potentials
along the sarcolemma is small and generally proportional to
the firing rate of the motor unit. The component of that is
related to calcium activation of cross-bridge binding is larger
and initially proportional to firing rate but tends to plateau at
higher frequencies because of temporary depletion of calcium
in the cisternae [28].

3) Recovery Energy: The recovery energy is the energy
required to restore the ATP and PCr concentrations in the
sarcoplasm. ATP can be synthesized via aerobic or anaerobic
metabolic pathways, after which it may react with creatine
to form PCr. Muscle undergoes anaerobic metabolism when
oxygen levels are insufficient for oxidative pathways, which
tends to occur during sustained, strong contractions of mus-
cles that generate hydrostatic pressures sufficient to occlude
capillary blood flow. These metabolic pathways have different
efficiencies, meaning that they consume different amounts
energy per ATP or PCr molecule synthesized. The total energy
consumed in this phase, therefore, depends on the amount
of ATP and PCr needed to be restored and on the specific
metabolic pathways involved. Fast-twitch muscle fibers (type
IIb) have a low oxidative capacity but large amounts of stored
glycogen, which they can metabolize anaerobically, albeit
inefficiently, to replenish ATP during strong contractions.
Slow-twitch (and type IIa fast-twitch fibers) muscles have little
stored glycogen but they have a high oxidative capacity to
restore ATP efficiently from the complete oxidation of glucose
absorbed from blood flow.

B. Implementation of the Model

In thermodynamic experiments, the sum of heat and work
measured during isovelocity contractions and isometric contrac-
tions of brief duration reflects . The heat that is produced
largely after the contraction is referred to as recovery heat and
corresponds to (see [27], [29]–[31]).

The model for is based on thermodynamic data
characterizing the relationship of energy to shortening velocity
[15] for both slow- and fast-twitch muscle and division into
contributions from and [32], [33]. The data, however,
are obtained mostly from tetanically stimulated muscle at
optimal sarcomere length. Virtual Muscle (VM) [1] incorpo-
rates models of processes such as gradual recruitment and
frequency modulation of different muscle fiber types and their
interaction with force-length and force-velocity relationships
for those fiber types. Thus the addition of an energetics model
required estimation of coefficients to rescale existing terms
for excitation (firing rates) and force generation (newtons, N)
into units of energy consumption per unit time (watts, W). We
also redesigned a continuous recruitment algorithm for VM
based on the lumped motor unit scheme presented in [34], so
that it is both computationally efficient and able to provide
accurate estimates of both muscle energetics and force in

muscles with various mixtures of two different fiber types (see
Appendix A). The model and its implementation depend on
certain assumptions.

1) All mammalian skeletal muscles use similar chemical
pathways and molecular mechanisms to convert metabolic
energy into mechanical work, thereby allowing us to pool
data from different species.

2) The energy cost of all physiological processes is a function
of ATP regenerated to restore the initial conditions, which
is not related strictly to the chemical or mechanical work
performed or heat liberated when that work was performed.

3) Processes related to ATP regeneration occur mostly within
the contracting muscle rather than in other organs (e.g.,
liver) that are involved in metabolism, therefore, enthalpy
measurements from isolated muscle preparations are good
approximations of energy cost.

4) The metabolic cost of ATP regeneration via a given chem-
ical pathway is independent of operating temperature [13],
thereby allowing us to utilize data from preparations typi-
cally below normal body temperature to preserve their via-
bility. The actual energy required to drive a given chemical
reaction (e.g., regeneration of ATP from PCr) is a function
of temperature, but the energy available in the biological
source (PCr) is higher than that by a safety margin. As long
as the reaction takes place at all, the total energy consumed
will be constant and equal to the sum of chemical energy
stored in any products (e.g., ATP) plus excess energy dis-
sipated as heat and/or work.

The energetics algorithm (refer to the block diagram in Fig. 1)
is divided into sections that correspond to the major physiolog-
ical processes underlying energy consumption. Equations for
terms used in the energetics algorithm are defined in Table I
and their corresponding symbols are defined in Table II (see
Appendix A for more details on their derivation). The sequence
and specific form of the computations was determined by the ex-
perimental data that were available. , for example, has been
investigated relative to rather than as an explicit function
of firing rate, so in order to calculate its contribution to total
energy expenditure for submaximal stimulation, we computed

in absolute units first. Similarly, is defined in the
literature as a multiple of so we had to compute
first to obtain .

1) Energy Consumption Related to Cross-bridge Cycling:
To extract the contribution of cross-bridge cycling from the

-velocity relationships presented in [15] for tetanically
stimulated muscle at optimal sarcomere length, we calculated
the contribution of based on the finding from [32], [33] that
it is approximately one third (parameter “a” in the model) of
the initial energy consumed in the isometric condition (Fig. 1,
STEP 1)

Note: differs significantly for each fiber type and was
therefore handled separately in the model.

Because is assumed independent of contractile velocity,
we removed this value from the entire -velocity relation-
ship to obtain the shortening -velocity relationship for tetan-
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Fig. 1. Overview of the energetics algorithm. Thermodynamic data for tetan-
ically stimulated muscle at optimal sarcomere length provide the basis for the
energetics model. Data from force production experiments that characterize un-
derlying physiological processes were used to generalize the model across a
wide range of firing rates and sarcomere kinematics. Gray elements in the dia-
gram are dependent on fiber type. See text for details.

ically stimulated muscle at optimal sarcomere length (Fig. 1,
STEP 2)

The -velocity relationship for lengthening muscle was de-
signed to capture the observation that ATP consumption rate in
actively lengthening muscle decreases to a low steady level near
zero at a modest lengthening velocity (see [35] and [36]). Be-
cause the energy over this range of velocities is relatively small
and constant, it can be assumed that it corresponds almost en-

tirely to (i.e., ). Thus, we computed the energy rate
due to cross-bridge cycling by linearly extrapolating the short-
ening -velocity relationship from the isometric condition
down to zero energy. was set to zero for larger lengthening
velocities (Fig. 1, STEP 3)

Note that the linear approximation has negligible effects on
the model’s accuracy for most behavioral tasks, as during
lengthening has a relatively small contribution to the overall
energetic cost.

To obtain for physiological firing rates and kinematics,
we scaled this relationship with the

, and FL terms in VM (see Appendix A), which provide a
measure of the number of cross-bridges formed depending on
these conditions (Fig. 1, STEP 4)

Note: Acteff and FL are different for each fiber type due to
type-specific biochemical and mechanical properties of the con-
tractile machinery. The sag phenomenon in fast-twitch fibers
and yield in slow-twitch fibers, for example, are incorporated
into the model through the Af term of VM (see [24] and [25]
for more details on modeling of sag and yield, respectively).
The role of these terms in VM’s energetics and force models is
shown schematically in Fig. 10 (see Appendix A for an overview
of VM).

2) Energy Consumption Related to Excitation: Researchers
typically study relative to or rather than as an
explicit function of firing rate, so we scaled to calculate
its contribution to total energy expenditure. To measure
in intact muscle, experimentalists record the heat output of
muscle stimulated isometrically under conditions that prevent
cross-bridge formation. This can be done mechanically by
stretching the muscle so as to eliminate myolfilament overlap
or pharmacologically by exposure to BTS (N-benzyl-p-tolue-
nesulphonamide) to inhibit the binding of myosin heads to
actin sites [32], [33]. Both techniques produce similar results
for slow- and fast-twitch mammalian muscle at temperatures
within the range of 20 C to 30 C. It has been shown that the
energy expended by excitation is roughly one third of
consumed by muscle that is contracting isometrically at optimal
sarcomere length. Equivalently, the activation energy consumed
is one half of the energy consumed due to cross-bridge cycling
(given that and ; Fig. 1, STEP 5)

3) Recovery Energy: The enthalpy resulting from ATP and
PCr resynthesis is naturally related to the ATP and PCr ex-
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TABLE I
TABLE OF EQUATIONS
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pended, which are the major contributors to the initial enthalpy
measured. is therefore determined based on the initial
heat rate and efficiency of the metabolic process that restores
these molecules. The ratio of recovery to initial enthalpy (pa-
rameter “R” in the model) under aerobic conditions has been
measured to be 1 for extensor digitorum longus (EDL; pre-
dominantly fast-twitch) and 1.5 for soleus (SOL; predominantly
slow-twitch) muscles [27]. The recovery to initial enthalpy ratio
has not been investigated rigorously for the anaerobic condition
but it is theoretically close to that of the aerobic condition (see
[27]); therefore, we chose to model the efficiency of both forms
of metabolism identically. Although the dynamics of recovery
are relatively slow, lasting on the order of a few minutes [30],
and are impractical to study in active muscle [13], it seems sen-
sible for the purposes of this model to represent as a
multiple, R, of the initial heat rate (Fig. 1, STEP 6)

where

Note that this formulation does not capture the dynamics of the
recovery rate; however, it provides a good approximation of the
total recovery energy associated with particular conditions of
muscle use. Also note that metabolic processes, hence , vary
across fiber types as well as with the state of muscle fatigue
[15], [29]. Further experiments are needed to understand the
process of fatigue before its effects on energetics and force can
be modeled accurately (see Section IV-C).

4) Total Energy: The total energy rate was taken as the sum
of the and . A conversion factor (M) obtained
from [37] was then used to convert the energetic units from

to because the wet mass is a parameter
specified in VM and is more readily obtainable from the litera-
ture (Fig. 1, STEP 7)

C. Overall Behavior of the Model

In this section, we verify the implementation of the model
and demonstrate its emergent behavior across a wide range of
physiological conditions. We conclude the section with a com-
parison of energy and force output to show their qualitative dif-
ferences and emphasize their different implications when used
as teaching signals for an optimization algorithm.

1) Model Verification: The main experimental relationships
on which the model is based are reproduced accurately by the
model. Fig. 2 shows the -velocity relationship obtained
experimentally (open squares) and that predicted by the model
(solid trace) for tetanically stimulated muscle at optimal sar-
comere length. The experimental and predicted relationships
for both 100% slow- and 100% fast-twitch muscle agree very

closely. The model’s prediction is also within the experimental
range of (30%–40% of ) obtained from [32] and [33].
Although there are some published values that are signifi-
cantly higher than this range, we chose not to include them as
their underlying experimental techniques are questionable [32].

, as computed by the model, is independent of velocity be-
cause it is assumed that myofilament motion does not affect ac-
tive ion transport.

2) Effects of Fiber Composition, Excitatory Drive and Sar-
comere Kinematics on Energy Consumption: Energy consump-
tion and its partitioning have qualitative dependencies on fiber
composition, excitatory drive, and sarcomere kinematics. As
shown in Fig. 3, fast-twitch fibers can consume more than five
times as much energy per unit time as slow-twitch fibers for the
same force produced (both muscles were contracted isometri-
cally at optimal sarcomere length).

In both slow- and fast-twitch muscle, energy consumption
rises with neural drive because it increases the rate of ionic
transport, hence (as shown by the larger red portion of the
column in Fig. 3). A rise in drive also increases the number of
cross-bridges formed, leading to an increase in (as shown
by the larger blue portion in Fig. 3). (marked green in
Fig. 3) increases as well because it is proportional to the sum of

and .
Energy consumption also has a strong dependence on sar-

comere velocity, as it increases significantly with decreasing ve-
locity (i.e., higher rates of shortening). As velocity decreases,

rises because cross-bridges complete their cycle at a higher
rate. remains the same because energy related to ionic trans-
port is independent of velocity.

Energy consumption is reduced when sarcomere length is ei-
ther shortened or stretched beyond L0. This is because in both
cases there is a reduction in the number of cross-bridges formed,
which reduces . The asymmetry mirrors the force-length re-
lationship and is related to the different mechanisms underlying
these two cases: reduced myofilament overlap in the stretched
sarcomere and double myofilament overlap in the shortened sar-
comere. remains the same because it is independent of sar-
comere length.

3) Comparison of Energy and Force Output: We computed
initial energy consumption and force production for a model of
human biceps longus (40% S, 60% F) as a function of fascicle
velocity from to rest lengths per second (L0/s). These
two results are approximately inversely related for a family of
curves for neural drive in 20% steps from 0 to maximal ex-
citation (see Fig. 4), where fiber types are recruited and fre-
quency modulated according to the size principle [1]. Maximal
force of N (140% of maximal isometric force) occurs for
stretching velocities greater than 1L0/s when energy consump-
tion is W. Maximal energy consumption of W oc-
curs near Vmax , when force drops to zero. Energy
consumption per unit isometric force rises from 0.1 W/N at 40%
drive (all slow-twitch fibers) to 0.2 W/N at 100% drive.

It is evident from Fig. 4 that force and energy measures are
vastly different and they will probably lead to different neural
strategies when they are incorporated into an optimization al-
gorithm’s cost function. A cost function based on muscle force
(or related parameters such as torque, stress, etc.), for example,
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TABLE II
SYMBOLS AND DEFINITIONS

Fig. 2. Model verification. The model accurately reproduces the energy-ve-
locity relationships presented in [15] and excitation energy as a percentage of
total energy consumed presented in [32] and [33].

would lead to preferential recruitment of muscles that are short-
ening, whereas a cost function based on energy would lead to

recruitment of muscles that are lengthening. This is particularly
relevant for tasks like locomotion where subjects tend to re-
cruit muscles during their lengthening phase to improve ener-
getic economy of the movement (see Section IV).

III. VALIDATION

To assess the model’s ability to predict energy consumption
of human muscle, we validated it against data from three ex-
periments performed in vivo that were independent from the
datasets used to construct the model. We focused specifically
on the model’s ability to capture the substantial effects of fiber
composition, excitatory drive, and kinematics, respectively.

A. Effects of Fiber Composition

To test the validity of the model in predicting the effects
of fiber composition on energy consumption, we compared its
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Fig. 3. Overall behavior of the model. This figure illustrates qualitative depen-
dencies of energy consumption on fiber composition and various stimulation
parameters. Stimulation parameters are shown on the right, with the varied pa-
rameter labeled in bold (U: excitatory drive; V: sarcomere velocity; L: sarcomere
length). The bars within the shaded region represent energy consumption for an
identical set of stimulation parameters. All bars are drawn to scale to empha-
size the relative effects on energy consumption resulting from different stim-
ulation conditions. Energy is partitioned according to the major physiological
processes that underlie it to illustrate the dependency of each process on the
varied parameter.

output to the results from [38]. In this experiment, the tempera-
ture rate was measured at MVC for a variety of human muscles
(soleus, sacrospinalis, biceps brachii) that covered a wide range
of fiber compositions ( – % fast-twitch fibers). To make a
fair comparison between the model and experimental data, we
considered that although the subjects were instructed to con-
tract their muscles maximally, they tend not to reach true MVC
without intensive training [39]. Reference [38] did not mention
such training nor did it employ the twitch interpolation tech-
nique of [39] to confirm MVC. The increase in force generated

Fig. 4. Comparison of force production (top) and total energy rate (middle)
under identical conditions of stimulation. Energy and force-velocity relation-
ships are shown for a representative muscle analogous to the long head of the bi-
ceps (40% slow/60% fast-twitch fibers;���� � ��� g; �� � ���N; 	� � 
�

cm). Velocities ranged between ��	 /s and �	 /s and excitatory drive ranged
from 20% to 100% as shown next to the plots on the right. Lower graph shows
initial energy rate (partitioned into � and � ) for �
	 /s and midrange ex-
citatory drives (� � �%� ��%� and 60%MVC), which reflect common condi-
tions of use.

by the stimulation would have indicated how close to maximal
the muscle was actually firing, helping identify the true MVC
value.

Experimental results and model predictions for two cases are
shown in Fig. 5. The predicted energy rate is shown for the cases
where the subjects attained true MVC (experimental MVC cor-
responds to ) and an underestimated MVC (experimental
MVC corresponds to ). Both cases reproduce the strong
positive correlation between percentage of fast-twitch fibers and
energy consumption, with the second case being in
close agreement with the data in terms of absolute value and
slope.
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Fig. 5. Validation results for effects of fiber composition. Experimental results
and model predictions are plotted for the rate of energy consumption as a func-
tion of fiber composition. Muscles were assumed to be contracted isometrically
at their optimal length. Fiber composition is labeled on the abscissa as the per-
centage of fast-twitch fibers present in the muscle. The two traces are shown as
model predictions that correspond to scenarios in which subjects achieved max-
imal drive (MVC @� � �) and undershot it by 20% drive (MVC @� � ���),
respectively.

B. Effects of Excitatory Drive

To assess the model’s performance for submaximal contrac-
tions, we compared its predictions to results from Saugen and
Vollestad [40]. Temperature rate of the vastus lateralis muscle
was measured during isometric contractions for forces ranging
from 10% to 90% MVC. Assuming that the thermocouple
measurements represented the average temperature of the
muscle and a negligible amount of heat escaped the muscle, the
rate of heat production would be related simply to temperature
rate through the heat capacity of muscle. Thus, to compare
our model’s predictions to the temperature measurements, we
converted energy consumption (which is equivalent to heat
liberation in this case) to temperature rate by dividing it by the
heat capacity of muscle (3.75 kJ/kg; [40]).

As in the previous section, we considered that the subjects
in this experiment may have not reached true MVC. Experi-
mental results and model predictions for the cases where true
MVC was attained or underestimated are shown in Fig. 6. If we
make the reasonable assumption that subjects undershot the true
maximal drive by 20% we get a substantially better agreement
in terms of the absolute value and qualitative relationship be-
tween temperature rate and excitatory drive. Nevertheless, there
is some deviation between the model output and experimental
results. The model probably underestimates energy consump-
tion at low force levels because it does not fully take into ac-
count the squirming motion (see Section II-A) of the myofila-
ments, which may be more pronounced at these levels because
of the nonlinear compliance of biological connective tissue at
low stresses. As force increases the squirming motion reduces
and the deviation expectedly decreases. Furthermore, their mea-
sured heat values include some recovery energy because of the
duration of the contractions, which were much longer for the
low contractile force (15 s for 10%MVC to 6 s for 90%MVC).
This would also overestimate initial energy consumption at low
forces more than at high forces, flattening the experimental rela-
tionship. The plateau of the experimental data above 70%MVC
may relate to increasing heat loss into adjacent, cooler tissues.

Fig. 6. Validation results for effects of excitatory drive. Experimental results
and model predictions are plotted for muscle temperature rate as a function of
isometric force. Muscles were assumed to be contracting isometrically at their
optimal length. Force on the abscissa is normalized by the force produced at
maximal effort. Two traces are shown for model predictions that assume the
human subjects truly achieved maximal drive (MVC @ � � �) and undershot
it by 20% (MVC @ � � ���). It was assumed that the vastus lateralis muscle
in this study was composed of approximately equal portions of slow and fast-
twitch fibers.

C. Effects of Kinematics

In order to validate the effects of kinematics on energy con-
sumption, we compared our model’s prediction to observations
from [41]. Their experiment followed the dynamic knee exten-
sion paradigm [42] in which subjects are hooked up to a cycle
ergometer and trained to extend their knee from a neutral sit-
ting posture ( degrees extension) to nearly full extension
and passively return to the neutral posture. The task is designed
to recruit only the quadriceps muscles, which are active mostly
in the first phase of the extension when the shank and foot are ac-
celerating. Subjects in this study were asked to perform the task
with maximal effort (i.e., as fast as possible) for three minutes
while the rate of metabolic energy consumption (heat produc-
tion plus mechanical power output) was estimated.

Initially, we anticipated that actual rate of energy consump-
tion would differ significantly from our model’s prediction.
Energy rate in the experiment increased by approximately 40%
from the beginning to the end of each session whereas our
model’s prediction would stay constant because it is solely
dependent on muscle recruitment level and kinematics, which
are virtually the same across extension cycles. We hypothesized
that the observed increase in energy rate was due to the dy-
namics of the ATP/PCr recovery process, which has a relatively
long time constant. While the energy consumed by the recovery
process is captured by the model presented here, its dynamics
are not (see Section II-B3). To estimate these dynamics we used
the energy rate response during the recovery phase of a brief
contraction [27] as the impulse response characterizing the
ATP/PCr recovery system. See Appendix B for details on how
the task and associated energy consumption were modeled.

As shown in Fig. 7, the model’s prediction matches experi-
mental results very closely, given the reasonable assumption that
subjects’ effort was not truly maximal (see Sections III-A and
III-B). The model captures the dynamics of energy consumption
and the total amount consumed (model: 35 000 J; experiment:
30 000–40 000 J; integral of curves in Fig. 7) remarkably well.



126 IEEE TRANSACTIONS ON NEURAL SYSTEMS AND REHABILITATION ENGINEERING, VOL. 20, NO. 2, MARCH 2012

Fig. 7. Validation results for effects of kinematics. Experimental results and
model predictions are shown for the dynamic knee extension task (see text for
details) performed over three minutes. Both � and � contribute
significantly to the total energy rate due to the long duration of the task. As in
the experiment, the energy rate computed by the model was averaged over one
second intervals (equivalent to one cycle of the movement). � is constant
throughout the entire duration of the task because the stimulation parameters are
constant but � increases over time due to the dynamics of metabolism
(see Appendix B for details).

For the brief contractions studied by [27], the recovery process
produces little or no lactate, hence relies on oxidative metab-
olism, which takes longer to complete and actually generates
more heat per unit ATP regenerated. Thus, the time constant and
scaling factor for fast-twitch fibers derived from this experiment
applies to the first couple of cycles of the cycle ergometry, but
quickly shifts to a shorter time constant and lower scaling factor
as the recovery process shifts toward anaerobic metabolism. The
model results in Fig. 7 do not incorporate such a shift, whose dy-
namics are not known, but either change would tend to improve
the agreement between experiment and model.

IV. DISCUSSION

A. Limitations

The lumped model described here is currently limited to two
fibers types, which we have identified as fast- and slow-twitch; a
more general version of the VM modeling software does support
arbitrary numbers of motor units and fiber types [1]. In reality,
many muscles are composed of a range of fiber types whose
force-generating and metabolic properties reflect different mix-
tures of those that we have associated with our fast- and slow-
twitch models [43]. Fast-twitch fibers are often divided into type
IIb (type IIx in humans), which typically utilize glycolytic me-
tabolism, and type IIa, which typically utilize oxidative me-
tabolism, similarly to slow-twitch fibers. The energetics model
is based primarily on experiments performed on mouse soleus
(SOL) and extensor digitorum longus (EDL) muscles, which are
composed mostly of type I and type IIa fibers, respectively [44].
In a muscle with a large proportion of type IIb/x fibers, our es-
timate of recovery energy will likely be too high, as glyocolytic
pathways are known to produce less heat per ATP regenerated;

the theoretical ratio of recovery to initial energy for glycolytic
metabolism is 0.8 whereas that of oxidative metabolism is 1.13
[27], [45]. It is important to note that these estimates depend on
the energy source (e.g., carbohydrate versus fat) and other con-
ditions in the sarcoplasm (e.g., ionic and metabolite concentra-
tion). Furthermore, the theoretical estimate for glycolysis does
not include the energy cost associated with the extra step of han-
dling the lactate byproduct (e.g., converting it to pyruvate for
later use in oxidative pathways). More rigorous experimenta-
tion and analysis of metabolic efficiency are necessary to assess
their actual contribution to muscle energetics.

The model should be used with care when simulating tasks in
which the muscles involved may experience fatigue because the
effects of fatigue on force production and energy consumption
are not included in our model. Fatigue, for example, has been
associated with significant changes to the energy and force-ve-
locity relationships [15]. We chose not to incorporate these ef-
fects into the model because they are specific to a particular state
of fatigue, which may consist of a mixture of several mecha-
nisms that are too poorly understood to model individually. The
ratio of recovery to initial heat also varies with the degree of fa-
tigue in fast-twitch EDL muscle [29], which is also not included
in the model.

The ratio of activation energy to total energy, constant term
“a” in our model, may have some dependence on firing rate.
There are numerous competing effects on “a” from phenomena
that are dependent on firing rate such as calcium release effi-
ciency, mechanical squirm (related to the noise in force output
and muscle stiffness) and cross-bridge cooperativity. Unfused
contractions elicited by submaximal firing rates, for example,
cause larger oscillations in output force and sarcomere length
than in the tetanic condition. These oscillations should produce
a higher cross-bridge cycling rate than would be expected if the
contraction were completely fused as in the tetanic condition
and therefore may reduce “a”. The dependence of “a” on firing
rate has not yet been investigated systematically but it is likely
that it is a small effect based on the finding that the ratio was
nearly the same for a submaximal and tetanic frequency of stim-
ulation in fast-twitch muscle [33]. This is somewhat counter-in-
tuitive, because might be expected to continue to rise with
firing rate even as output force plateaus. It may be that the
calcium reservoir in the cisternae starts to deplete at approxi-
mately the same time as the sarcoplasmic calcium concentration
reaches saturation for troponin binding, reflecting efficient de-
sign. Nevertheless, if a salient dependency emerges from new
data, the model is sufficiently modular so that the “a” term can
be readily modified to account for it.

“Motor noise” (fluctuating recruitment of individual mo-
toneurons; [46]) produces force fluctuations that act against
the series-elasticity of tendons and aponeuroses to produce
fluctuations in fascicle and sarcomere length that should in-
crease cross-bridge cycling for a given nominal velocity of
the muscle-tendon unit. VM includes an explicit model of the
series-elasticity and the lumped recruitment model is designed
to generate force fluctuations reflecting whatever model of
motor noise is added into the driving excitation signal [34].
Therefore, energy consumption associated with motor noise
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should be correctly incorporated into the predictions of this
new version of VM.

B. Role in Motor Control Research

Even with an accurate energetics model at hand, using it to
gain insight into the neural strategies underlying motor tasks
remains a challenge. Although the nervous system appears to
consider metabolic energy consumption when selecting move-
ment strategies, it does not always pick the most energy efficient
strategies. For example, energetics are obviously less important
if the task is to reach to a target 10 times versus 1000 times. Fur-
thermore, if subjects expect a perturbation while performing a
task, they are likely to cocontract more during the movement to
resist it, which could be mediated through a reduced emphasis
on energetics. There is also evidence that energetic considera-
tions change as subjects learn to perform a task, starting with ex-
cessive cocontraction initially and gradually reducing it as they
learn to use more efficient feedforward and feedback strategies
to improve their kinematic performance [8], [9]. Tsianos et al.
[47] studied motor learning in a planar arm model, which was
much more reliable when the system started with cocontraction
and then learned to perform well without it. Such high level
strategizing can be expected to emerge from motor learning
when the cost function includes realistic changes over time in
the relative importance of kinematics and energetics.

The fact that force output and energy consumption actually
move in opposite directions around zero velocity may shed light
on speculations about the role of biarticular muscles [48]–[55].
Biarticular muscles tend to be active when the two joints that
they cross are moving in opposite directions. The net muscle
velocity tends to be close to zero or to reverse sign while these
muscles are active, making them specifically well-suited for
economical transfer of momentum from segment to segment,
avoiding the need to dissipate excessive kinetic energy as heat.

The optimization techniques described in the Introduction all
require minimization of a cost function to predict the roles of
individual muscles for a given task. When such cost functions
are applied to engineering problems, they usually consist of a
combination of terms related to speed, accuracy and energetic
cost. The model provided here permits the development of anal-
ogous cost functions for biological systems rather than the arbi-
trary minimization of total force or recruitment that is generally
used instead.

C. Role in Studying Effort and Fatigue

VM with energetics can also be used as a tool to understand
and model fatigue. Fatigue is a collection of incompletely un-
derstood phenomena in which motor units change their prop-
erties as a result of excessive muscle use and/or insufficient
oxygen supply to the muscle fibers, depending on factors such
as metabolic demand of the task, stored energy reserves, and
hydrostatic pressure and capillary bed structure. It is associ-
ated with reduced force production and slower dynamics, at
least in part from reduced availability of ATP for processes re-
lated to both activation and cross-bridge cycling [29], [56], [57].
The effects, however, are only qualitatively understood, hence
the vague categorization of fatigue into moderate and exces-
sive. The effects also interact with other time-varying processes

Fig. 8. Comparison of “Natural” and “Lumped” recruitment schemes (a).
Motor units in the “Natural Units” scheme are recruited sequentially according
to fiber type and size. In “Lumped” recruitment, each fiber type is represented
by a single motor unit whose frequency modulation is identical to the first
recruited unit within the corresponding fiber type in the “Natural Units”
scheme. The plot at the bottom illustrates the error resulting in activation
(which scales force and energy) given this approximation and highlights the
need of a weighting function to capture the nonlinear effects on activation
caused by sequential recruitment of discrete motor units. Weighting functions
for slow and fast-twitch fibers (b). A weighting function is shown for each fiber
type that matches the steady state force computed by the “Lumped” model
to that of “Natural Units.” The weighting function is dependent on excitatory
drive as well as fiber composition. Vertical lines mark the recruitment threshold
of the fiber type. See text and Tables I and II for a detailed description of the
functions that generate these curves.

such as potentiation, both of which are particularly prominent
in fast-twitch muscle [58]. Because the terms of the functions in
VM correspond to identifiable physiological processes, it should
be relatively straightforward to modify their coefficients to re-
flect the various effects observed in association with fatigue
[56], but this remains to be done.

Understanding the process of onset and reversal of fatigue
during physiological conditions would benefit greatly from the
model presented here because the energetic cost is a measure
of metabolic demand, and therefore can help estimate when it
would exceed chemical supplies of stored energy. The division
of muscle models into slow and fast fiber types is important
because they have substantially different energy rates, energy
stores, metabolic processes and fatigue mechanisms. These dif-
ferences have significant effects on the magnitude and nature of
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Fig. 9. Comparison of steady state response to an excitatory step. The force
predicted by “Natural” and “Lumped” recruitment schemes is shown for excita-
tory drives ranging from 0 to 1 (maximum). The predictions of the two schemes
are nearly identical.

fatigue phenomena because they affect the rate at which stored
fuel is consumed.

Adaptive controllers that learn to minimize a cost-function
require “knowledge of results” as a teacher, so it will be impor-
tant to extend this model of energy consumption by muscle to
predict metabolic products and other effects that can be sensed
by the nervous system. Aerobic and anaerobic metabolism of
slow- and fast-twitch muscles, respectively, have substantially
different effects on CO production, oxygen consumption, lactic
acid excretion and heating. Neural sensors related to energy con-
sumption presumably include intramuscular chemoreceptors for
pH and oxygen, efference copy from the motoneurons, afferent,
and efferent-copy signals related to increased respiratory effort,
and other manifestations of increased heat dissipation such as
body temperature and perspiration. While there is substantial
evidence that subjects perceive and attempt to minimize energy
consumption and fatigue when performing repetitive tasks, there
is also paradoxical evidence that they do not compensate for fa-
tigue once it has occurred [59]. The fiber-type specific model
of energy consumption presented here provides a starting point
for a quantitative model of the many perceived and silent con-
sequences of muscle work.

APPENDIX A
VIRTUAL MUSCLE “LUMPED UNITS” ALGORITHM

We have modified the VM continuous recruitment algorithm
[34] to have sufficient modularity for the formulation of ener-
getics and to improve accuracy in force and energy estimates
without compromising its computational efficiency. The new
recruitment algorithm presented here is termed “Lumped
Units.” The original VM (“Natural Units” [1]) divided the
muscle into discrete motor units, each of which could be
recruited and frequency modulated according to Henneman’s
size principle. While various exceptions to this stereotyped re-
cruitment have been reported, it accounts well for motoneuron
activity reported under dynamic locomotor conditions [60]
similar to those obtaining in the cycle ergometry task [41] used

Fig. 10. Comparison of dynamic response to sinusoidal input. Predictions of
“Natural” and “Lumped” recruitment schemes are shown for an exemplary stim-
ulus (a). The response is divided into a transient and steady state phase, which
is divided further into mean force and modulation range components. A com-
parison of these components across a wide range of amplitudes and excitation
frequencies is shown in (b).

for validation-effects of kinematics (Section III-C). Obtaining
a smoothly modulated total muscle force required a model with
many summed units, which was computationally too expensive
for multimuscle systems. Song et al. [34] provided a lumped
recruitment algorithm that allowed each muscle fiber type to be
represented by a single motor unit with a smoothly modulated
firing rate and a gradually increasing percentage of the PCSA
representing its share of the total muscle. This reduces the
number of states to be solved (from # of motor units to

# of fiber types). Retaining force-length, activation, and
recruited fractional physiological cross-sectional area (fPCSA)
terms from the natural recruitment algorithm allow independent
calculation of energy consumption for slow and fast fibers and
to scale the tetanic enthalpy data. We here introduce a weighting
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function that computes an effective activation for each fiber
type that more accurately reflects the sum of the nonlinear
relationships relating excitation to firing rate of each motor
unit. Because sarcomeres move almost homogeneously during
muscle contraction and their individual contributions to total
muscle force sum approximately linearly, the force-length and
force-velocity relationships have identical form in the lumped
model. The recruited fractional physiological cross sectional
area term for each fiber type is also preserved in the
lumped model, as it is important for scaling the energy con-
sumption of each fiber type. The modifications and additions
presented here do not add significantly to the computational
load, so the reductions in computing time reported by [34] for
lumped recruitment still obtain for this new version of VM.

Motor units are recruited continuously in this scheme; there-
fore, we modeled for a given fiber type as a linear func-
tion of drive that is zero when the drive is equal to threshold and
equal to its at maximal drive

We chose a weighting function that modulates the activation
of the lumped units such that the steady state force matches that
of the discrete model. For an arbitrary drive between 0 and max-
imal (normalized to 1) the activation of the lumped unit overes-
timates the total activation of the discrete motor units because
the later recruited units within that fiber-type will be firing at
lower rates than the first recruited unit [see Fig. 8(a)]. To com-
pensate for this discrepancy across different fiber compositions
(represented by parameter ) and neural drive (U), we cre-
ated the weighting function shown in Fig. 8(b). It is a two-part
piece-wise function in which the first part is a parabola span-
ning from the fiber type’s stimulation threshold to the threshold
of the next recruited fiber type for the slow fiber type and

for the fast fiber type. The second part is an exponential that is
defined all the way to maximal drive, shown in the equation at
the bottom of the page.

The resulting steady state force prediction
of the new algorithm is nearly identical to

that of the “Natural Units” model (see Fig. 9). To match the
dynamic response, we subjected the input drive to a first-order
low pass filter with a variable time constant depending on
whether the drive is increasing or decreasing. Without this filter
the weighting function and consequently the muscle force at
an intermediate activation would change instantaneously in
response to a drive, which is unphysiological. To model the
complex dynamics resulting from newly recruited units that are
not captured by the lumped unit, we made the time constant for
rising drive a function of the change in drive . The
exact form of the function varies with fiber type composition
because fiber types have rise and fall times that differ signifi-
cantly. For decreasing drive, a simple time-constant irrespective
of drive was sufficient

where

Fig. 10 shows a comparison of the dynamic force response
between “Natural” and “Lumped” algorithms for a wide range
of stimulation frequencies and amplitudes. Fig. 10(a) shows the
similarity in both the transient and steady state response, which
can be decomposed into mean force and modulation range as
shown in Fig. 10(b).

where

where
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Fig. 11. Conceptual overview of functions that comprise the force and energetics models as well as their interactions. Most of the functions have a one-to-one
correspondence with physiological processes underlying experimental phenomena from which the data were obtained. See text for details.

A conceptual overview of VM’s force and energetics models
is shown in Fig. 11. Equations corresponding to each term are
provided in Table I and symbols are defined in Table II. The
contractile force and energy consumption of muscle can be sep-
arated into contributions from a number of physiological pro-
cesses, some of which affect both formulations. The force pro-
duced by the contractile element strains the series elastic el-
ement (representing the tendon/aponeurosis) through an inter-
mediate mass to generate a pulling force on the attached seg-
ments. The contractile force has passive and active contribu-
tions. The passive portion is a result of the visco-elastic proper-
ties of stretching muscle and the elastic properties of the thick
filament upon compression at short muscle lengths. The ac-
tive portion can be divided into three major physiological pro-
cesses: activation-force (Af), force-length (FL), and force-ve-
locity (FV). The FV relationship is mainly related to the overall
strain of cross-bridges, which depends on the angle of attach-
ment of the myosin heads onto the actin sites. The FL relation-
ship captures the effect of myofilament overlap on force and is
related to the number of cross-bridges formed. The Af relation-
ship reflects the portion of overlapping myofilaments that bind
and is dependent on firing rate, muscle length and fiber-specific
properties (e.g., sag and yield). The weighting function, W, only
applies to the lumped recruitment model and is used to scale
the activation-force relationship of the lumped unit in order to
match the total Af of a realistic ensemble of motor units. The ef-
fective frequency input to the Af relationship is determined
by calculating the stimulation frequency first, which is
directly proportional to the neural drive (U) if U is greater than
the firing threshold. A second-order low pass filter, whose exact

form depends on fascicle length and activation, is then applied
to to obtain . Because Af and FL together provide a mea-
sure of the number of cross-bridges, they also affect the energy
related to cross-bridge cycling . They are used to scale the
tetanic EV relationship obtained experimentally at optimal sar-
comere length. The energy related to excitation is simply
a function of stimulation frequency, which is added to to
obtain the total energy rate during the initial phase of contrac-
tion . This energy represents the amount of ATP and
PCr molecules consumed and therefore determines the energy
needed to resynthesize them . The sum of and

is the total energy rate.

APPENDIX B
MODELING DETAILS FOR DYNAMIC KNEE EXTENSION TASK

To compute metabolic energy consumption associated with
the dynamic knee extension task, we built a model that mim-
icked basic biomechanical properties of the leg and the perfor-
mance conditions of the experiment. Because the task lasted for
a relatively long period of time, it was important to include the
dynamics of energy consumption related to recovery in the en-
ergetics formulation (see Section III-C).

Musculoskeletal System

The musculoskeletal model of the leg consisted of two seg-
ments (thigh and shank plus foot) linked by a hinge joint at
the knee. Two muscle elements were included to represent the
knee extensors, the only active muscles in this task. One element
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Fig. 12. Musculoskeletal model of the knee (a). Two separate VM elements are
included representing the rectus femoris and vasti muscles, whose properties
are listed in the table. Stimulation parameters (b). The knee was constrained
to follow a sinusoidal trajectory ranging from 80 to 170 of extension. Both
muscles were excited at 80% of their maximal drive during the first quarter of
each movement cycle (acceleration phase). Stimulation parameters are shown
for the first three seconds of the simulation to illustrate their relative phasing.
The actual duration of the exercise was 180 s.

corresponded to the rectus femoris muscle and the other to the
vasti muscles (vastus lateralis, intermedius, and medialis). The
vasti muscles were lumped together because they have similar
attachment points, moment arms and excitatory drive for this
specific task. Rectus femoris was modeled separately because
it has a longer tendon, whose compliance would affect fascicle
velocity during this dynamic task. It can be assumed that they
are all recruited to similar levels because the modeled task re-
quired subjects to use maximal effort. The dimensions of the
skeletal segments and muscle attachment points were derived
from [61]. All muscles attach to the same point on the shank via
the patella, thus they have the same moment arm, which is vir-
tually independent of joint angle [62]. Morphometric measures
of the muscles such as fascicle to tendon length ratios were ob-
tained from [63] and the shape of the maximal isometric torque
versus joint angle was validated against human data presented in
[64]. Muscle mass was derived from data presented in [41], [63].

Fig. 13. Characterization of the ATP/PCr recovery system. The system accepts
the rate of energy consumed due to ATP/PCr turnover �� � as an input and
generates the energy rate corresponding to the metabolic processes needed to re-
plenish the expended ATP/PCr. The traces displayed on the bottom of the figure
were digitized and rescaled from Leijendekker and Elzinga [27], who measured
� following brief tetanic stimuli. These signals were convolved with
� to determine the dynamics of � . See text for details.

See Fig. 12(a) for a detailed description of the musculoskeletal
system.

Stimulation Parameters

Stimulation parameters were chosen to model muscle exci-
tation and kinematic conditions of the experiment in [41]. The
movement performed by the subjects was smooth and periodic,
so it was modeled as a sinusoidal trajectory. This kind of max-
imal performance generally requires “bang-bang” controls in
which all and only those muscles that can contribute positive
work at a given phase of the task are maximally recruited [65].
Therefore we activated both modeled muscles at 80%MVC (see
Section III-A) during the first quarter of the movement cycle,
which corresponded to the acceleration phase of the knee ex-
tension movement. Refer to Fig. 12(b) for a graphical depiction
of the stimulation parameters.

Dynamics of Recovery Energy

As mentioned in Section II-A, every ATP and PCr molecule
expended must be replenished via metabolic processes. These
metabolic processes consume energy and last on
the order of a few minutes. The hydrolysis of ATP and PCr
molecules is closely related to the term in the model
and can therefore be used to drive the formulation of .
The formulation used for this task is based on the assumption
that the recovery system behaves linearly for the range of ATP
and PCr deficits occurring in the subjects’ muscles. This allows
complete characterization of the system’s behavior based on
its impulse response, which is derived for slow and fast-twitch
fiber types from [27] during brief tetanic contractions that ac-
tivate only aerobic metabolism in both fiber types (see Section
III-C). Because the duration of measured in this exper-
iment was small compared to the duration of , it was
assumed that the reported was the response to an im-
pulse weighted by the total energy consumed in phase with the
contraction. Therefore, the unit impulse response incorporated
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into the model (shown in Fig. 13) is the measured trajectory
of divided by the total energy consumed during the
contraction.
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